In this paper we show that there is a correspondence between some K3 surfaces with non-isometric transcendental lattices constructed as a twist of the transcendental lattice of the Jacobian of a generic genus 2 curve. Moreover, we show the existence of a correspondence between a general K3 surface with ρ = 17 and a Kummer surface having transcendental lattices Q-Hodge isomorphic.
Introduction
In this paper we study the existence of correspondences between K3 surfaces X(k, m, n), with k, m, n ∈ N, Picard number 17 and transcendental lattices T (k, m, n) ∼ = U(k) ⊕ U(m) ⊕ −2n . In the fundamental paper [Mu] Mukai showed that correspondences between K3 surfaces exist if the transcendental lattices are Hodge isometric over Q. This construction holds if the Picard number of the surfaces is greater or equal to 11. Nikulin improved the result afterwards in [N2] obtaining the lower bound 5 for the Picard number. The aim of our work is to realize examples of K3 surfaces with transcendental lattice which are not Hodge isometric but such that a correspondence between them already exists. This in particular implies the existence of an algebraic cycle on the middle cohomology of the product of two surfaces arbitrarily chosen in the constructed family. More in details, in the first sections we recall some basic notions and results on lattices and correspondences. In Section 4 we consider a generic genus 2 curve and we show the existence of a correspondence between the Jacobian of the curve and a K3 surface with isomorphic transcendental lattice. Since this construction involves a second K3 surface whose transcendental lattice has quadratic form multiplied by 2, in Section 5 and 6 we generalize this first example. First, we construct K3 surfaces "twisting" each direct summand of the transcendental lattice of the Jacobian by natural numbers. Then we find correspondences between them using both Mukai's theorem and Shioda-Inose structures which translate the problem into a problem of looking for isogenies between abelian varieties. In this way we prove in Theorem6.3 that all the K3 surfaces X(k, m, n) are in correspondence to each other.
Finally, in Theorem 6.5 we show the existence of a correspondence between a general K3 surface of Picard rank 17 and a Kummer surface of the same rank having transcendental lattices Q-Hodge isomorphic.
2. Preliminary notions.
Definitions.
A lattice is a free Z-module L of finite rank with a Z-valued symmetric bilinear form b L (x, y). A lattice is called even if the quadratic form associated to the bilinear form has only even values, odd otherwise. A very useful invariant (under base change) of a lattice is its discriminant d(L), defined as the determinant of the matrix of its bilinear form. Then, a lattice is called non-degenerate if the discriminant is non-zero and unimodular if the discriminant is ±1. If the lattice L is non-degenerate, the pair (s + , s − ), where s ± denotes the multiplicity of the eigenvalue ±1 for the quadratic form associated to L ⊗ R, is called signature of L. Finally, we call s + + s − the rank of L and s + − s − its index, moreover a lattice is indefinite if the associate quadratic form has both positive and negative values. Given a lattice L we can construct the lattice L(m), that is the Z-module L with bilinear form b L(m) (x, y) = mb L (x, y). An isometry of lattices is an isomorphism preserving the bilinear form. Given a sublat-
i) The lattice n is a free Z-module of rank one , Z e , with bilinear form b(e, e) = n. ii) The hyperbolic lattice is the even, unimodular, indefinite lattice with Z-module Z e 1 , e 2 and bilinear associated form of matrix 0 1 1 0 .
iii) The lattice E 8 has Z 8 as Z-module and the matrix of the bilinear form is the Cartan matrix of the root system of E 8 . It is an even, unimodular and positive definite lattice.
2.3. K3 and tori lattices. If X is a K3 surface, one can show that H 2 (X, Z) is free of rank 22 and that there is an isometry H 2 (X, Z) ∼ = U 3 ⊕ (E 8 (−1)) 2 . From now on we denote with Λ this K3-lattice. For X a complex torus, one has H 2 (X, Z) ∼ = U 3 .
2.4. Hodge structures. Let X be an abelian or K3 surface. If we consider the Hodge decomposition of H 2 (X, C) = H 2,0 (X) ⊕ H 1,1 (X) ⊕ H 0,2 (X), inside H 2 (X, Z) one has two sublattices, the Néron-Severi lattice
and the orthogonal complement of NS(X), the transcendental lattice T X which has a natural Hodge structure induced by the one of H 2 (X, Z). The Picard number of X, denoted by ρ(X), is the rank of NS(X).
A Hodge isometry between the transcendental lattices of two K3 (or abelian) surfaces is an isometry preserving the Hodge decomposition. 3. Known results.
In this section we recall some fundamental results which will play a key role in the next paragraphs. First of all, since for a K3 or an abelian surface the period map is surjective, it is possible to prove the following
(2, 20 − ρ)). Then there exists an abelian surface (resp. algebraic K3 surface) X and an isometry T X
The map π * induces a Hodge isometry T X (2) ∼ = T Y . This gives a diagram X @ @ @ @ Z ~~Ỹ of rational maps of degree 2 where Z is a complex torus and Y is the Kummer surface of Z. One can detect the existence of a Shioda-Inose structure on a K3 surface analyzing the transcendental lattice of the surface. Remark 3.4. Obviously, the Shioda-Inose structure realizes a correspondence between the K3 surface X and the abelian variety Z ; this correspondence will play a fundamental role in the following paragraphs.
Starting problem.
Let C be a generic genus 2 curve (i.e. such that its Jacobian surface has ρ(JC) = 1); JC is a principally polarized abelian variety and, if E is the principal polarization, so we have E 2 = 2 then T := T JC = U 2 ⊕ −2 . Since we have obvious primitive embeddings of T in Λ, from Theorem 3.1 there exists an algebraic K3 surface X 1 such that T X 1 ∼ = T JC . We analyze now the relations between the Jacobian surface and this K3 surface. First, we observe that we can construct an embedding T X 1 ֒→ U 3 in the following way; we send the first two copies of U ⊂ T X 1 to the corresponding ones of U 3 and the element of square −2 to e 3 1 − e 3 2 where {e i j } i=1,2,3 j=1,2 , is a basis of U 3 . Then, from Theorem 3.3 X 1 admits a Shioda-Inose structure It follows that Kum(Z) ∼ = Kum(JC) since Z and JC are Fourier-Mukai partners. In this way we obtain a correspondence between X 1 , X 2 and JC
5. Embeddings of twisted lattices.
We want to generalize the situation of the previous paragraph. We consider the lattice T (k, m, n) := U(k) ⊕ U(m) ⊕ −2n , with k, m, n ∈ N, obtained by twisting the summands of T , equipped with the Hodge structure induced by T itself. This is an indefinite even lattice of signature (2, 3). The aim is to prove the existence of correspondences between K3 surfaces having transcendental lattice Hodge-isometric to T (k, m, n). In order to construct such surfaces, we start proving the following Lemma 5.1. The lattice T (k, m, n) is a primitive sublattice of the K3-lattice Λ.
Proof. First we observe that a lattice −2t , t ∈ N, can be primitively embedded in E 8 (−1) from [N1, Theorem 1.12.4] . We denote by θ t ∈ E 8 (−1) its generator. In order to construct the required primitive embedding of T (k, m, n) in Λ we consider a θ k contained in the first copy of E 8 (−1) and a θ n in the second one.
Then, if {δ 1 , . . . , δ 5 } is the standard basis of T (k, m, n), we can obtain the desired embedding in the following way:
Remark 5.2. This Lemma, together with Theorem 3.1, implies the existence, for any k, m, n ∈ N, of a K3 surface X(k, m, n) with a Hodge isometry between the transcendental lattices T X(k,m,n) and T (k, m, n) .
In order to generalize the example constructed in the previous paragraph, we want to produce correspondences among these K3 surfaces. We observe that, with these notations, the surfaces of the previous section can be rewritten as X 1 = X(1, 1, 1 ) and X 2 = X(2, 2, 2).
The problem of finding correspondences among K3 surfaces was investigated by Mukai in [Mu] . His idea was to construct such correspondences starting from Hodge isometries (over Q) between the transcendental lattices of the surfaces. This method works if the Picard number of the surfaces is sufficiently large. Mukai's result is the following Theorem 5.3. [Mu, Cor.1.10.] Let X, Y be K3 surfaces with ρ(X), ρ(Y ) ≥ 11. If ϕ : T X ⊗ Q → T Y ⊗ Q is a Hodge isometry, then ϕ is induced by an algebraic cycle.
Our K3 surfaces, unfortunately, do not satisfy the condition of Mukai's theorem, since an isometry between T (k, m, n) and T (k ′ , m ′ , n ′ ) doesn't exist, even over Q. However, in the same article Mukai proved the Oda's conjecture, as modified by Morrison in [Mor] , which realizes a correspondence between a K3 surface X and an abelian surface provided that the Q-transcendental lattice T X ⊗ Q admits an embedding in U 3 ⊗ Q. In order to construct the correspondences among the X(k, m, n), we follow a similar approach, translating the problem in another one involving some (abelian) surfaces which are in correspondence with the given ones.
Abelian surfaces and correspondences.
Motivated by the work of Morrison and Mukai, we start with the following Lemma 6.1. There is an embedding of Q−lattices φ : T (k, m, n) ⊗ Q ֒→ U 3 ⊗ Q.
Proof. Let {e i 1 , e i 2 }, i = 1, 2, 3 be the basis of the i-th copy of the hyperbolic lattice U and let {a 1 , b 1 , a 2 , b 2 , c} be the basis of T (k, m, n). We define φ in the following way
The existence of such an embedding allows us to prove the following Theorem 6.2. For any k, m, n ∈ N there exist abelian surfaces A n and correspondences
Proof. Let us consider the embedding φ : T (k, m, n) ⊗ Q ֒→ U 3 ⊗ Q of Lemma 6.1 and the lattice T n := φ(T (k, m, n) ⊗ Q) ∩ U 3 = U 2 ⊕ −2n with the Hodge structure induced by φ. Since T n is a primitive sublattice of Λ, there exists a K3 surface Y n and a Hodge isometry T Yn ∼ = T n . Consider now the basis of T X(k,m,n) given in Lemma 6.1: the multiplication by 1 k on the sublattice Z b 1 and by 1 m on Z b 2 induces a Hodge isometry T X(k,m,n) ⊗ Q ∼ = T Yn ⊗ Q and Theorem 5.3 gives a correspondence Z ′ (k, m, n) between X(k, m, n) and Y n . We can define also a primitive embedding T n ∼ = T Yn ֒→ U 3 sending U 2 ⊂ T n to the first two copies of U in U 3 via the identity and sending the element of square −2n to e 3 1 − ne 3 2 . By Theorem 3.3 the existence of such an embedding is equivalent to the existence of a Shioda-Inose structure on the K3 surface Y n . So there exist an abelian surface A n , a Hodge isometry T An ∼ = T n and a correspondence Z ′′ n between Y n and A n . The composition of the two correspondences Now, we are able to prove the following Theorem 6.3. Let X(k, m, n), k, m, n ∈ N, be a K3 surface with transcendental lattice Hodge-isometric to T (k, m, n). For any k ′ , m ′ , n ′ ∈ N there exist correspondences
and every X(k, m, n) has a correspondence with the Jacobian surface JC of Section 4.
Proof. Let Z be a principally polarized abelian surface with ρ(Z) = 1 and let {λ 1 , λ 2 , λ 3 , λ 4 } be a symplectic basis for the lattice of Z . Let now, for any n, B n := C 2 /Λ n be the complex torus with lattice Λ n = Z λ 1 , nλ 2 , λ 3 , λ 4 ; the polarization E defines on each B n a polarization of type (1, n); moreover the abelian surfaces B n are all obviously isogenous to each other. On the other hand, one has that T Bn ∼ = U 2 ⊕ −2n , so every B n is a Fourier-Mukai partner of the surface A n constructed in Theorem 6.2. This means, by Theorem 4.1, that Kum(A n ) ∼ = Kum(B n ), thus there is a correspondence between A n and B n . In this way we have constructed a correspondence between A n and A m , for any n, m :
But Theorem 6.2 gives a correspondence between X(k, m, n) and A n for any n, so the desired Z k ′ ,m ′ ,n ′ k,m,n is the composition of these correspondences. Moreover, there is a correspondence between X(1, 1, 1) and JC from Section 4, thus the statement follows. Remark 6.4. We observe that the existence of the correspondence is independent from the chosen Hodge structure on T . However, it is necessary not to change the structure when we "twist" the starting lattice T by (k, m, n). This allows us to obtain, for any chosen Hodge structure H on T , a family of K3 surfaces X H (k, m, n) in correspondence to each other.
Morrison, in [Mor, Cor 4.4] showed that a K3 surface K of Picard rank 17 is a Kummer surface if and only if there is an even lattice T ′ with T K ∼ = U(2) 2 ⊕ T ′ (2). Then, this allows us to prove the following theorem, which generalizes Theorem 6.3 Theorem 6.5. Let X be a general K3 surface with ρ(X) = 17 and T X ⊗Q isomorphic as a Hodge structure to T K ⊗ Q, where K is a Kummer surface. Then, there is a correspondence between X and K .
Proof. Let ψ K = U 2 (2) ⊕ −4n be the polarization on T K , we show that there is a Q-basis of T X ⊗ Q in which the polarization is ψ X = aψ K with a ∈ Q. Since ψ X ∈ Sym 2 (T X ⊗Q) M T (T X ⊗Q) (where MT denotes the Mumford-Tate group) it sufficies to show that this space has dimension one. This is a consequence of Schur's Lemma, since MT (T x ⊗Q)(C) = SO(5)(C) and the action on the Hodge structure is irreducible. So, we have the Hodge Q-isometries T X ⊗ Q ∼ = a(U 2 (2) ⊕ −4n ) ∼ = U 2 ⊕ −4na 1 a 2 , where a = a 1 a 2 . From the surjectivity of the period map, the last one is a transcendental lattice of a K3 surface X(1, 1, −4na 1 a 2 ), which is in correspondence with X from Mukai's work. The statement now follows from Theorem 6.3.
